Dirichlet Spaces Associated With Locally Finite Rooted Directed Trees by Chavan, Sameer et al.
ar
X
iv
:1
70
2.
02
30
8v
2 
 [m
ath
.C
V]
  1
8 F
eb
 20
17
DIRICHLET SPACES ASSOCIATED WITH
LOCALLY FINITE ROOTED DIRECTED TREES
SAMEER CHAVAN, DEEPAK KUMAR PRADHAN, AND SHAILESH TRIVEDI
Abstract. Let T = (V, E) be a leafless, locally finite rooted directed tree. We
associate with T a one parameter family of Dirichlet spaces Hq (q > 1), which
turn out to be Hilbert spaces of vector-valued holomorphic functions defined
on the unit disc D in the complex plane. These spaces can be realized as
reproducing kernel Hilbert spaces associated with the positive definite kernel
κHq (z,w) =
∞∑
n=0
(1)n
(q)n
znwn P〈eroot〉
+
∑
v∈V≺
∞∑
n=0
(nv + 2)n
(nv + q + 1)n
znwn Pv (z, w ∈ D),
where V≺ denotes the set of branching vertices of T , nv denotes the depth
of v ∈ V in T , and P〈eroot〉, Pv (v ∈ V≺) are certain orthogonal projections.
Further, we discuss the question of unitary equivalence of operators M
(1)
z and
M
(2)
z of multiplication by z on Dirichlet spaces Hq associated with directed
trees T1 and T2 respectively.
1. Introduction
The present work is a sequel to [17]. In that paper, a rich interplay between
the directed trees and analytic kernels of finite bandwidth has been exploited to
study the weighted shifts on directed trees. The analysis therein was based on
Shimorin’s analytic model as introduced in [28] (for an alternate approach to the
function theory of weighted shifts on directed trees, the reader is referred to [14],
[13]). Our work is also motivated partly by the classification theorem [6, Theorem
9.9] obtained for 2-isometric weighted shifts on certain directed trees.
The objective of the present paper is to introduce Dirichlet spaces associated
with certain rooted directed trees. This is carried out by introducing the so-called
Dirichlet shifts on directed trees with weights being certain functions of depth of
vertices, and thereafter applying Shimorin’s construction [28] to these shifts. These
spaces can be thought of as vector-valued weighted Dirichlet spaces (cf. [25]). We
also discuss the spaces Cauchy dual to Dirichlet spaces. These turn out to be vector-
valued Bergman spaces, which play a key role in answering the question of unitary
equivalence of Dirichlet shifts associated with two directed trees. We collect below
some preliminaries required to define the Dirichlet shifts. For a detailed exposition
on weighted shifts on directed trees, the reader is referred to [23] and [17].
A directed graph is a pair T = (V, E), where V is a nonempty set and E is a
nonempty subset of V × V \ {(v, v) : v ∈ V }. An element of V (resp. E) is called a
vertex (resp. an edge) of T . A finite sequence {vi}ni=1 of distinct vertices is said to
be a circuit in T if n > 2, (vi, vi+1) ∈ E for all 1 6 i 6 n− 1 and (vn, v1) ∈ E . We
say that two distinct vertices u and v of T are connected by a path if there exists
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a finite sequence {vi}ni=1 of distinct vertices of T (n > 2) such that v1 = u, vn = v
and (vi, vi+1) or (vi+1, vi) ∈ E for all 1 6 i 6 n− 1. A directed graph T is said to
be connected if any two distinct vertices of T can be connected by a path in T .
For a subset W of V , define
Chi(W ) :=
⋃
u∈W
{v ∈ V : (u, v) ∈ E}.
We define inductively Chi〈n〉(W ) for n ∈ N as follows:
Chi〈n〉(W ) :=
{
W if n = 0,
Chi(Chi〈n−1〉(W )) if n > 1.
Given v ∈ V , we write Chi(v) := Chi({v}). An element of Chi(v) is called a child
of v. For a given vertex v ∈ V, consider the set Par(v) := {u ∈ V : (u, v) ∈ E}. If
Par(v) is singleton, then the unique vertex in Par(v) is called the parent of v, which
we denote by par(v). Let the subset Root(T ) of V be defined as
Root(T ) := {v ∈ V : Par(v) = ∅}.
Then an element of Root(T ) is called a root of T . If Root(T ) is singleton, then its
unique element is denoted by root. We set V ◦ := V \ Root(T ). A directed graph
T = (V, E) is called a directed tree if T has no circuits, T is connected and each
vertex v ∈ V ◦ has a unique parent. A directed tree T is said to be
(i) rooted if it has a unique root.
(ii) locally finite if card(Chi(u)) is finite for all u ∈ V, where card(X) stands
for the cardinality of the set X.
(iii) leafless if every vertex has at least one child.
Let T = (V, E) be a rooted directed tree with root root. Let V≺ be the set
{u ∈ V : card(Chi(u)) > 2} of branching vertices of T . For each u ∈ V , the depth
of u is the unique non-negative integer nu such that u ∈ Chi〈nu〉(root). Define the
branching index of T as
kT :=
{
1 + sup{nw : w ∈ V≺} if V≺ is non-empty,
0 if V≺ is empty.
We say that T is of finite branching index if kT < ∞. We further say that two
directed trees are isomorphic if there exists a bijection between their sets of vertices
which preserves directed edges.
Let T = (V, E) be a rooted directed tree with root root. We always assume
that card(V ) = ℵ0. In what follows, l2(V ) stands for the Hilbert space of square
summable complex functions on V equipped with the standard inner product. Note
that the set {eu}u∈V is an orthonormal basis of l2(V ), where eu ∈ l2(V ) is the
indicator function of {u}. Given a system λ = {λv}v∈V ◦ of non-negative real
numbers, we define the weighted shift operator Sλ on T with weights λ by
D(Sλ) := {f ∈ l2(V ) : ΛT f ∈ l2(V )},
Sλf := ΛT f, f ∈ D(Sλ),
where ΛT is the mapping defined on complex functions f on V by
(ΛT f)(v) :=
{
λv · f
(
par(v)
)
if v ∈ V ◦,
0 if v is a root of T .
Remark 1.1. If Sλ is bounded then S
∗
λeu = λuepar(u) if u 6= root, and S∗λeu = 0
otherwise.
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Throughout these paper, we will be interested in weighted shifts which are
bounded linear. The reader is referred to [23] for the basic theory of weighted
shifts on directed trees. In particular, it may be concluded from [23, Proposition
3.5.1(ii)] that for a rooted directed tree T with root root, the kernel of S∗λ is given
by
E = 〈eroot〉 ⊕
⊕
v∈V≺
(
l2(Chi(v)) ⊖ 〈λv〉) , (1.1)
where λv : Chi(v)→ C is defined by λv(u) = λu and 〈f〉 denotes the span of {f}.
Recall that a bounded linear operator T on a Hilbert space H is finitely multi-
cyclic if there are a finite number of vectors h1, · · · , hm in H such that
H =
∨
{T kh1, · · · , T khm : k ∈ N}.
Remark 1.2. Let T be a leafless, locally finite rooted directed tree with finite
branching index and let Sλ be a bounded weighted shift on T . It may be concluded
from [17, Proposition 2.1 and Corollary 2.3] that Sλ is finitely cyclic.
2. Dirichlet Shifts on Directed Trees
We now introduce the notion of Dirichlet shift on certain directed trees.
Definition 2.1. Let T = (V, E) be a leafless, locally finite rooted directed tree.
For a real number q > 1, consider the weighted shift Sλ,q on T with weights given
by
λu,q =
1√
card(Chi(v))
√
nv + q
nv + 1
for u ∈ Chi(v), v ∈ V, (2.1)
where nv is the depth of v ∈ V in T . We refer to Sλ,q as the Dirichlet shift on T .
Let Sλ,q be a Dirichlet shift on T . Note that the weights of Sλ,q can be rewritten
as
λv,q =
√
nv + q − 1
nv
1√
card(sib(v))
for v ∈ V ◦,
where, for u ∈ V , the siblings of u is given by
sib(u) :=
{
Chi(par(u)) if u 6= root,
∅ otherwise.
Note further that
sup
v∈V
∑
u∈Chi(v)
λ2u,q = sup
v∈V
nv + q
nv + 1
= q, inf
v∈V
∑
u∈Chi(v)
λ2u,q = inf
v∈V
nv + q
nv + 1
= 1.
It now follows from [23, Propositions 3.1.8 and 3.6.1] that Sλ,q is bounded linear,
and left-invertible (that is, Sλ,q is one-one with closed range). Thus the Cauchy
dual S′λ,q of Sλ,q given by Sλ,q(S
∗
λ,qSλ,q)
−1 is well-defined [28]. It turns out that
S′λ,q is a weighted shift Sλ′,q on T with weights given by
λ′v,q =
√
nv
nv + q − 1
1√
card(sib(v))
for all v ∈ V ◦. (2.2)
Remark 2.2. In case T is a rooted directed tree without any branching vertex (that
is, T is isomorphic to N), Sλ,q is unitarily equivalent to the classical weighted shift
Sw,q with weights w :=
{√
n+q
n+1
}
n∈N
(classical Dirichlet shift). Note that the
weights of the Cauchy dual S′w,q of Sw,q are
{√
n+1
n+q
}
n∈N
(classical Bergman shift).
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The following classification problem is motivated by [6, Theorem 9.9]:
Problem 2.3. Let S
(1)
λ,q, S
(2)
λ,q be Dirichlet shifts on T1,T2 respectively. Find suffi-
cient and necessary conditions on T1 and T2 which ensure that S
(1)
λ,q and S
(2)
λ,q are
unitarily equivalent.
Note that the above problem has the following solution in case q = 1. The shifts
S
(1)
λ,1 and S
(2)
λ,1 unitarily equivalent if and only if∑
v∈V
(1)
≺
(
card(Chi(v))− 1
)
=
∑
v∈V
(2)
≺
(
card(Chi(v)) − 1
)
,
where V
(1)
≺ and V
(2)
≺ are set of branching vertices of T1 and T2 respectively. Indeed,
since S
(1)
λ,1 and S
(2)
λ,1 are isometries (Proposition 2.7 below), by von Neumann-Wold
decomposition [18], S
(1)
λ,1 and S
(2)
λ,1 unitarily equivalent if and only if dimker(S
(1)
λ,2)
∗ =
dimker(S
(2)
λ,2)
∗. The desired conclusion is now immediate from (1.1). This has been
recorded in more generality in [6, Theorem 9.9(ii)].
One of the main results of this note provides a solution to the above problem in
case q is a positive integer.
Theorem 2.4. Let q be an integer bigger than 1. For j = 1, 2, let S
(j)
λ,q be the
Dirichlet shift on rooted directed tree Tj = (Vj , Ej) with rootj, let G(j)n := {v ∈ Vj :
v ∈ Chi〈n〉(rootj)} (n ∈ N), and Ej = ker(S(j)λ,q)∗. Then S(1)λ,q is unitarily equivalent
to S
(2)
λ,q if and only if for every n ∈ N,∑
v∈V
(1)
≺ ∩G
(1)
n
(
card(Chi(v))− 1
)
=
∑
v∈V
(1)
≺ ∩G
(2)
n
(
card(Chi(v)) − 1
)
. (2.3)
Remark 2.5. Since Tj is locally finite, the V
(j)
≺ ∩ G(j)n is finite for every n ∈ N and
j = 1, 2, and hence the sums appearing in (2.3) are finite. Further, it may happen
that (2.3) holds for two non-isomorphic directed trees (see [6, Figure 2]).
The case q = 2 of Theorem 2.4 is a special case of [6, Theorem 9.9(i)]. In what
follows, we provide an alternative verification of this fact based on modeling Sλ,2 as
a multiplication by z on a vector-valued Dirichlet space. With this identification,
the problem essentially reduces to classification problem of multiplication operators
on vector-valued Dirichlet spaces (refer to Section 3). This part of the proof relies
on the theory of vector-valued Dirichlet spaces as expounded in [25]. The rather
involved proof of the general case, as presented in the last section, relies on tree
analogs of weighted Bergman spaces. These spaces can be seen as Cauchy dual of
Dirichlet spaces in the sense of S. Shimorin [28].
In the remaining part of this section, we derive some structural properties of the
weighted shifts Sλ,q on T . Before we state formulae for moments of Sλ,q and Sλ′,q,
recall that the Pochhammer symbol is defined by
(x)y =
Γ(x+ y)
Γ(x)
,
where Γ is the gamma function defined for all complex numbers except the non-
positive integers.
Lemma 2.6. Let Sλ,q be a Dirichlet shift on T = (V, E) and let Sλ′,q be the Cauchy
dual of Sλ,q. Then for k ∈ N and v ∈ V,
‖Skλ,qev‖2 =
(nv + q)k
(nv + 1)k
, ‖Skλ′,qev‖2 =
(nv + 1)k
(nv + q)k
.
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In particular, the spectral radii of Sλ,q and Sλ′,q are 1.
Proof. We verify the first formula by induction on integers k > 0 for a fixed v ∈ V .
The formula is trivial for k = 0. Suppose the formula holds for some integer k > 0.
Since Chi〈n〉(u) and Chi〈n〉(w) are disjoint for distinct vertices u and w, it follows
from [23, Lemma 6.1.1(i)] that {Skλ,qew}w∈Chi(v) is mutually orthogonal. Also, since
nw = nv + 1 for w ∈ Chi(v), we obtain
‖Sk+1λ,q ev‖2 =
∥∥∥Skλ,q ∑
w∈Chi(v)
λw,qew
∥∥∥2 = ∑
w∈Chi(v)
λ2w,q‖Skλ,qew‖2
(2.1)
=
∑
w∈Chi(v)
1
card(Chi(v))
nv + q
nv + 1
(nw + q)k
(nw + 1)k
=
nv + q
nv + 1
(nv + q + 1)k
(nv + 2)k
=
(nv + q)k+1
(nv + 1)k+1
.
The second formula can be verified similarly. To see the remaining part, note that
‖Skλ,q‖ = sup
n∈N
√
(n+ q)k
(n+ 1)k
, ‖Skλ′,q‖ = sup
n∈N
√
(n+ 1)k
(n+ q)k
,
and apply the spectral radius formula. 
The second part of the following generalizes [8, Proposition 8], [3, Theorem 8.6].
Proposition 2.7. Let Sλ,q be a Dirichlet shift on T = (V, E) and let Sλ′,q be the
Cauchy dual of Sλ,q. If q is a positive integer, then we have the following:
(i) Sλ′,q is subnormal, that is, Sλ′,q admits a normal extension.
(ii) Sλ,q is a q-isometry, that is,
q∑
k=0
(−1)k
(
q
k
)
S∗kλ,qS
k
λ,q = 0,
but not a (q − 1)-isometry,
(iii) if T is of finite branching index, then the self-commutator [S∗λ,q, Sλ,q] :=
S∗λ,qSλ,q − Sλ,qS∗λ,q of Sλ,q is of trace-class,
(iv) Sλ,2 has wandering subspace property, that is, for any Sλ,2-invariant sub-
space M of l2(V ),
M =
∨
k∈N
{Skλ,2f : f ∈M⊖ Sλ,2M}.
Proof. Suppose that q is a positive integer.
(i) By [23, Theorem 6.1.3], Sλ′,q is subnormal if and only if for every v ∈ V,
{‖Skλ′,qev‖2}k∈N is a Hausdorff moment sequence. However, by Lemma 2.6, for
v ∈ V and k ∈ N.
‖Skλ′,qev‖2 =
(nv + 1)k
(nv + q)k
=
{
1 if q = 1,
(nv+1)···(nv+q−1)
(nv+k+1)···(nv+k+q−1)
if q > 2.
Since { 1
k+l}k∈N is a Hausdorff moment sequence for any integer l > 1, by general
theory [10], so is {‖Skλ′,qev‖2}k∈N.
(ii) Since the sequence {Skλ,qev}v∈V is orthogonal, it is sufficient to check that
q∑
k=0
(−1)k
(
q
k
)
‖Skλ,qev‖2 = 0 for every v ∈ V.
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However, by Lemma 2.6, for v ∈ V and k ∈ N,
‖Skλ,qev‖2 =
(nv + q)k
(nv + 1)k
=
{
1 if q = 1,
(nv+k+1)···(nv+k+q−1)
(nv+1)···(nv+q−1)
if q > 2.
In any case, the sequence {‖Skλ,qev‖2}k∈N is a polynomial in k of degree q − 1. By
[16, Proof of Lemma 2.5], Sλ,q is a q-isometry, but not a (q − 1)-isometry.
(iii) Assume that T is of finite branching index. By Remark 1.2, Sλ′,q is finitely
cyclic. By part (ii) above, Sλ′,q is subnormal. Hence, by Berger-Shaw Theorem
[18], Sλ′,q has trace-class self-commutator. Since A := Sλ,q is right Fredholm with
right essential inverse (A∗A)−1A∗, the desired conclusion may now be derived from
the following identity:
[A∗, A]A = −A∗A([A′∗, A′]A)A∗A,
where A′ := A(A∗A)−1.
(iv) This is immediate from part (ii), [17, Lemma 3.3] and [26, Theorem 1]. 
Remark 2.8. Assume that T is of finite branching index. Since essential spectral
picture of a finitely multicyclic, completely non-unitary q-isometry T coincides with
the unilateral shift of multiplicity dimkerT ∗ [2], it may be concluded from the BDF
Theorem [12] that Sλ,q is unitarily equivalent to a compact perturbation of the
unilateral shift of multiplicity dimkerS∗λ,q.
The shift operators Sλ,q (q > 1) provide new examples of finitely multicyclic
q-isometries in the following sense (cf. [22, Remark 4.5]).
Proposition 2.9. Let Sλ,q be a Dirichlet shift on a directed tree T = (V, E) of
finite branching index and let Sw,q be the classical Dirichlet shift (see Remark 2.2).
Then Sλ,q is unitarily equivalent to any finite orthogonal sum of Sw,q if and only if
either q = 1 or T is isomorphic to N.
Proof. Note that l = dim kerS∗λ,q is finite by [17, Proposition 2.1]. If T is iso-
morphic to N then clearly Sλ,q is unitarily equivalent to Sw,q. Further, if q = 1
then by the von Neumann-Wold decomposition for isometries [18], Sλ,q is unitarily
equivalent to orthogonal sum of dimkerS∗λ,q copies of Sw,q. This gives the suffi-
ciency part. To see the necessity part, suppose that Sλ,q is unitarily equivalent to
orthogonal sum S
(l)
w,q of l copies of Sw,q. Note that the Cauchy dual Sλ′,q of Sλ,q
is unitarily equivalent to (S′w,q)
(l). By [16, Example 2.7], the defect operator DS′w,q
is an orthogonal projection onto kerS′∗w,q, where, for a bounded linear operator T ,
DT is given by
DT :=
q∑
k=0
(−1)k
(
q
k
)
T kT ∗k
The essential part of the proof shows that the defect operator DSλ′,q is never an
orthogonal projection unless q = 1 or T is isomorphic to N.
We may assume that T is not isomorphic to N. Thus V≺ is nonempty. Further,
since T is locally finite with finite branching index, we can choose v ∈ V≺ such that
Chi(v) = {u1, u2, · · · , um} and card(Chi(uj)) = 1 (j = 1, · · · ,m) for some positive
integer m > 2. Let Chi(uj) = {wj} (j = 1, · · · ,m) and fv =
m∑
j=1
f(wj)ewj be such
that
m∑
j=1
f(wj) = 0, and f(wj) 6= 0 for some j = 1, · · · ,m.
DIRICHLET SPACES ASSOCIATED WITH DIRECTED TREES 7
Note that S∗λ′,q(fv) 6= 0 and S∗kλ′,q(fv) = 0 for all integers k > 1. It then follows
that
q∑
k=0
(−1)k
(
q
k
)
Skλ′,qS
∗k
λ′,q(fv) = fv − q
m∑
j=1
f(wj)λ
′
wj
ewj
(2.2)
= fv − q
n∑
j=1
f(wj)
nwj
nwj + q − 1
ewj
=
(
1− q( nv + 2
nv + q + 1
))
fv.
It is easy to see from (1.1) that fv is orthogonal to ker(S
∗
λ′,q). Thus if DSλ′,q is the
orthogonal projection onto ker(S∗λ′,q) then we must have(
1− q( nv + 2
nv + q + 1
))
fv = 0,
that is, (1 − q)(nv + 1) = 0. This is possible only if q = 1. 
3. Dirichlet Spaces Associated with Directed Trees
The following result enables us to associate a Dirichlet space with every leafless,
locally finite rooted directed tree. It is worth mentioning that certain Hardy-type
spaces are associated with some infinite acyclic, undirected, connected graphs in [4]
(refer also to [7, Section 4.3] for a version of Dirichlet space on the Bergman tree).
Proposition 3.1. Let Sλ,q be a Dirichlet shift on T = (V, E) and let E := kerS∗λ,q.
Then there exist a z-invariant reproducing kernel Hilbert space Hq of E-valued
holomorphic functions defined on the disc D and a unitary mapping U : l2(V ) −→
Hq such that Mz,qU = USλ,q, where Mz,q denotes the operator of multiplication by
z on Hq. Further, U maps E onto the subspace E of E-valued constant functions
in Hq such that Ug = g for every g ∈ E. Furthermore, we have the following:
(i) the reproducing kernel κHq : D × D → B(E) associated with Hq satisfies
κHq (·, w)g ∈ Hq and 〈Uf, κHq (·, w)g〉Hq = 〈(Uf)(w), g〉E for every f ∈
l2(V ) and g ∈ E,
(ii) κHq is given by
κHq (z, w) =
∞∑
n=0
(1)n
(q)n
znwn P〈eroot〉
+
∑
v∈V≺
∞∑
n=0
(nv + 2)n
(nv + q + 1)n
znwn Pl2(Chi(v))⊖〈λv〉 (z, w ∈ D),
where PM denotes the orthogonal projection of H onto the subspace M
of H ,
(iii) The E-valued polynomials in z are dense in Hq. In fact,
Hq =
∨
{znf : f ∈ E , n ∈ N}.
(iv) If B is an orthonormal basis of E then {znf : f ∈ B, n ∈ N} forms an
orthogonal basis of Hq.
Remark 3.2. Note that the reproducing kernel Hilbert space H1 is nothing but the
vector-valued Hardy space associated with the kernel IE1−zw (z, w ∈ D), where IE
denotes the identity operator on E. In view of the decomposition (1.1) of E, this
is immediate from the result above.
DIRICHLET SPACES ASSOCIATED WITH DIRECTED TREES 8
Proof. The proof is an application of [17, Theorem 2.2]. The first half and parts
(i), (iii) follow from [17, Theorem 2.2]. Thus we only need to verify parts (ii) and
(iv). Note first that by [17, Theorem 2.2](ii) and Lemma 2.6, κHq is given by
κHq (z, w) = IE +
∑
j,k>1
Cj,kz
jwk (z, w ∈ D), (3.1)
where IE denotes the identity operator on E, and Cj,k are bounded linear operators
on E given by
Cj,k = PES
∗j
λ′,qS
k
λ′,q|E (j, k = 1, 2, · · · )
with PE being the orthogonal projection of l
2(V ) onto E. To see that Cj,k = 0 for
j 6= k, we need the following identity [15, (5.6)]:
∑
u∈Chi〈k〉(v)
k−1∏
l=0
1
sl,u
= 1 for v ∈ V and k > 1, (3.2)
where, for a positive integer l and v ∈ V, sl,v := card(sib(par〈l〉(v))). This identity
for a fixed v ∈ V can be verified by induction on integers k > 1. Now for v ∈ V
and j, k > 1,
Skλ′,qev =
√
(nv + 1)k
(nv + q)k
∑
u∈Chi〈k〉(v)
k−1∏
l=0
1√
sl,u
eu,
S∗jλ′,qev =


√
(nv + q)−j
(nv + 1)−j
j−1∏
l=0
1√
sl,v
epar〈j〉(v) if nv > j,
0 otherwise.
Let v ∈ V and j > k. Note that if par〈j−k〉(v) is empty, then S∗jλ′,qSkλ′,qev = 0.
Otherwise
S∗jλ′,qS
k
λ′,qev =
√
(nv + 1)k
(nv + q)k
∑
u∈Chi〈k〉(v)
k−1∏
l=0
1√
sl,u
S∗jλ′,qeu
=
√
(nv + 1)k
(nv + q)k
∑
u∈Chi〈k〉(v)
( k−1∏
l=0
1√
sl,u
×
√
(nu + q)−j
(nu + 1)−j
j−1∏
m=0
1√
sm,u
)
epar〈j〉(u)
=
√
(nv + 1)k
(nv + q)k
√
(nv + k + q)−j
(nv + k + 1)−j
j−k−1∏
l=0
1√
sl,v
epar〈j−k〉(v),
where the last equality follows from (3.2), nu = nv + k and sl,v = sl+k,u. This also
shows the following:
(a) For k ∈ N,
S∗kλ′,qS
k
λ′,qev =
(nv + 1)k
(nv + q)k
ev. (3.3)
Here we used the convention that product over the empty set equals 1.
(b) For non-negative integers j > k,
S∗jλ′,qS
k
λ′,qev = β(j, k, v)epar〈j−k〉(v) (3.4)
for some positive scalar β(j, k, v) such that
β(j, k, ω) = β(j, k, v) for all ω ∈ sib(v). (3.5)
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Let f ∈ E. Note that by (1.1), f takes the form f = froot +
∑
w∈V≺
fw, where
froot = γeroot for some γ ∈ C and fw =
∑
v∈Chi(w) f(v)ev such that∑
v∈Chi(w)
f(v)λv = 0 for w ∈ V≺.
In view of (2.1), λv is constant on Chi(w), and hence we obtain that∑
v∈Chi(w)
f(v) = 0 for all w ∈ V≺. (3.6)
It follows that for w ∈ V≺ and j > k,
S∗jλ′,qS
k
λ′,q fw =
∑
v∈Chi(w)
f(v)S∗jλ′,qS
k
λ′,q ev = 0, (3.7)
where we used (3.4), (3.5) and (3.6). It may now be concluded from (3.1), (1.1),
(3.3) that the reproducing kernel κHq takes the required form. Note that the
conclusion in (3.7) also holds for Sλ,q (by the same reasoning), and hence the
sequence {znE : n ∈ N} of subspaces of Hq is mutually orthogonal. This combined
with part (iii) yields (iv). 
Remark 3.3. Note that κH2 takes the form
κH2(z, w) = −
1
zw
log(1− zw) P〈eroot〉
+
∑
v∈V≺
∞∑
n=0
nv + 2
nv + 2 + n
znwn Pl2(Chi(v))⊖〈λv〉
= − 1
zw
log(1− zw) P〈eroot〉
−
∑
v∈V≺
nv + 2
znv+1wnv+1
(
1
zw
log(1− zw) +
nv∑
k=0
zkwk
k + 1
)
Pl2(Chi(v))⊖〈λv〉
for z, w ∈ D \ {0}. A particular case in which T has only branching point at root,
κH2 simplifies to
κH2(z, w) = −
1
zw
log(1− zw) P〈eroot〉
− 2
zw
(
1
zw
log(1− zw) + 1
)
Pl2(Chi(root))⊖〈λroot〉
for z, w ∈ D \ {0}.
Note that in case T is a rooted directed tree without any branching vertex (that
is, T is isomorphic to N), Hq is nothing but the classical Dirichlet space Dq (q > 1),
that is, the reproducing kernel Hilbert space associated with reproducing kernel
∞∑
n=0
(1)n
(q)n
znwn (z, w ∈ D).
(refer to [20] for the basic theory of classical Dirichlet spaces; the reader is also
referred to [7] for an interesting exposition on some recent developments related to
Dirichlet spaces). This motivates the following definition.
Definition 3.4. Let T = (V, E) be a leafless, locally finite rooted directed tree.
We refer to the space Hq, as constructed in Proposition 3.1, as the Dirichlet space
associated with T .
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Corollary 3.5. Let Hq be a Dirichlet space associated with T = (V, E) and let
Mz,q be the operator of multiplication by z on Hq. Then, for any f(z) =
∑∞
n=0 fnz
n
in Hq, we have
‖f‖2Hq =
∞∑
n=0
(
|an|2 (q)n
(1)n
+
∑
v∈V≺
‖bn,v‖2l2(V )
(nv + q + 1)n
(nv + 2)n
)
,
where fn = aneroot +
∑
v∈V≺
bn,v ∈ kerM ∗z,q is an orthogonal decomposition with
an ∈ C and bn,v ∈ l2(Chi(v))⊖ 〈λv〉 for every n ∈ N. Thus Hq is contained in H1.
Proof. To see the first part, in view of Proposition 3.1(iv), it suffices to check that
for fn = aneroot +
∑
v∈V≺
bn,v ∈ kerM ∗z,q,
‖znfn‖2 = |an|2 (q)n
(1)n
+
∑
v∈V≺
‖bn,v‖2l2(V )
(nv + q + 1)n
(nv + 2)n
. (3.8)
However, by Proposition 3.1,
‖znfn‖2 = ‖Snλ,qfn‖2 = |an|2‖Snλ,qeroot‖2 +
∑
v∈V≺
‖Snλ,qbn,v‖2,
and hence (3.8) is immediate from Lemma 2.6. The remaining part follows from
the inequality
∑∞
n=0
(
|an|2 +
∑
v∈V≺
‖bn,v‖2l2(V )
)
6 ‖f‖2
Hq
for every f ∈ Hq. 
Let κ : D×D→ B(E) be a positive definite kernel such that κ(z, w) is invertible
for every z, w ∈ D and let H be the reproducing kernel Hilbert space associated
with κ. Following [1], we say that H has complete Pick property if there exists a
positive definite function F : D× D→ B(E) such that
IE − κ(z, w)−1 = F (z, w) (z, w ∈ D).
Corollary 3.6. Let Hq be a Dirichlet space associated with T = (V, E). Then Hq
has complete Pick property.
Proof. By Proposition 3.1(ii), κHq (z, w) is orthogonal direct sum of finitely many
positive definite kernels of the form
κk,l(z, w) =
∞∑
n=0
(k)n
(l)n
znwnPk,l,
where Pk,l is a non-zero orthogonal projection and k, l are positive integers such
that l > k. Thus it suffices to check that 1 − 1
κk,l(z,w)
is a positive definite kernel.
In view of [1, Theorem 7.33 and Lemma 7.38], it is enough to verify that((k)n
(l)n
)2
6
(k)n−1
(l)n−1
(k)n+1
(l)n+1
for every n ∈ N.
However, this is equivalent to (l + n)(k + n− 1) 6 (l + n− 1)(k + n) (n ∈ N),
which is true whenever l > k. 
3.1. The vector-valued Dirichlet space H2. It turns out that H2 can be iden-
tified with a vector-valued Dirichlet space. Let us first reproduce from [25] the
definition of vector-valued Dirichlet spaces.
Let E be a Hilbert space and µ be a positive B(E)-valued measure on the unit
circle T. The Poisson integral P [µ] : D→ B(E) of µ is defined by
P [µ](z) :=
∫
T
1− |z|2
|eiθ − z|2 dµ(e
iθ) (z ∈ D).
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For an analytic function f : D→ E of the form f(z) =∑∞n=0 fnzn with {fn}n∈N ⊆
E, set
‖f‖2µ :=
∞∑
n=0
‖fn‖2E +
∫
D
〈P [µ](z)f ′(z), f ′(z)〉E dA(z), (3.9)
where dA denotes normalized area measure on D. The E-valued Dirichlet space is
defined as
D(µ) := {f : D→ E | f is an analytic function such that ‖f‖µ <∞}.
Proposition 3.7. Let H2 be a Dirichlet space associated with T = (V, E) and let
Mz,2 be the operator of multiplication by z on H2. Define a positive B(E )-valued
measure µ
T
given by
dµ
T
(eiθ)
(
aeroot +
∑
v∈V≺
bv
)
:=
(
aeroot +
∑
v∈V≺
bv
nv + 2
)
dσ(eiθ), (3.10)
where E := kerM ∗z,2, a ∈ C, bv ∈ l2(Chi(v))⊖〈λv〉, and dσ denotes the normalized
arclength measure on unit circle T. Then H2 equals the E -valued Dirichlet space
D(µ
T
) with equality of norms.
Proof. We claim that if f ∈ H2 then ‖f‖H2 = ‖f‖µT . Note that by Corollary 3.5,
‖f‖2H2 =
∞∑
n=0
(
(n+ 1)|an|2 +
∑
v∈V≺
(
1 +
n
nv + 2
)
‖bn,v‖2E
)
= ‖f‖2H1 +
∞∑
n=0
n
(
|an|2 +
∑
v∈V≺
‖bn,v‖2E
nv + 2
)
. (3.11)
In view of Proposition 3.1, it suffices to verify ‖fn‖H2 = ‖fn‖µT , where
fn(z) =

aeroot + ∑
v∈V≺
bv

 zn (n > 1).
However, in the light of (3.9) and (3.11), it is enough to verify that
n
(
|a|2 +
∑
v∈V≺
‖bv‖2l2(V )
nv + 2
)
=
∫
D
〈P [µ
T
](z)f ′n(z), f
′
n(z)〉E dA(z),
where f ′n(z) =
(
aeroot +
∑
v∈V≺
bv
)
nzn−1 for integers n > 1. Note first that for
z ∈ D,
P [µ
T
](z)
(
aeroot +
∑
v∈V≺
bv
)
= P [σ](z)
(
aeroot +
∑
v∈V≺
bv
nv + 2
)
= aeroot +
∑
v∈V≺
bv
nv + 2
. (3.12)
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Since ‖g‖H2 = ‖g‖l2(V ) for every g ∈ E (Proposition 3.1), it now follows that∫
D
〈P [µ
T
](z)f ′n(z), f
′
n(z)〉E dA(z)
=
∫
D
n2|zn−1|2
〈
aeroot +
∑
v∈V≺
bv
nv + 2
, aeroot +
∑
v∈V≺
bv
〉
E
dA(z)
=
(
|a|2 +
∑
v∈V≺
‖bv‖2H2
nv + 2
) ∫
D
n2|zn−1|2dA(z)
= n
(
|a|2 +
∑
v∈V≺
‖bv‖2l2(V )
nv + 2
)
.
Thus the claim stands verified. The claim implies in particular that H2 ⊆ D(µT ).
Since E-valued analytic polynomials are dense in D(µ
T
) ([25, Corollary 3.1]), we
must have H2 = D(µT ). 
As in the classical case [20, Corollary 1.4.3], any Dirichlet space H2 associated
with T admits the conformal invariance property.
Corollary 3.8. Let H2 be a Dirichlet space associated with T = (V, E) and let φ
be an automorphism of the unit disc. Then, for every f ∈ H2, f ◦ φ ∈ H2 and∫
D
〈P [µT ](z)(f ◦ φ)′(z), (f ◦ φ)′(z)〉E dA(z) =
∫
D
〈P [µT ](z)f ′(z), f ′(z)〉E dA(z),
where µT is as given in (3.10).
Proof. Let f ∈ H2. Note that by change of variables,∫
D
〈P [µT ](z)(f ◦ φ)′(z), (f ◦ φ)′(z)〉E dA(z)
=
∫
D
〈P [µT ](z)f ′(φ(z)), f ′(φ(z))〉E |φ′(z)|2dA(z)
(3.12)
=
∫
D
〈P [µT ](w)f ′(w), f ′(w)〉E dA(w),
which completes the proof of the second part. The first part now follows from
Littlewood’s Theorem [27, Chapter 1]. 
We present below a proof of the special case q = 2 of Theorem 2.4, which exploits
the theory of vector-valued Dirichlet spaces [25].
Proof of Theorem 2.4 (Case q = 2). For j = 1, 2, let H
(j)
2 be the Dirichlet space
associated with Tj = (Vj , Ej) and let M (j)z,2 be the operator of multiplication by
z on H
(j)
2 . In view of Proposition 3.1, it suffices to check that M
(1)
z,2 is unitarily
equivalent to M
(2)
z,2 if and only if (2.3) holds for every n ∈ N. By the preceding
proposition and [25, Theorem 4.2], the multiplication operator M
(1)
z,2 on D(µT1 ) is
unitarily equivalent to the multiplication operator M
(2)
z,2 on D(µT2 ) if and only if
there exists a unitary map U : E1 → E2 such that µT1 (A) = U∗µT2 (A)U for every
Borel subset A of the unit circle T (see (3.10)). However, by (3.10), this happens if
and only if the diagonal matrices ⊕
v∈V
(1)
≺
αvIβv,1 and ⊕v∈V (2)≺ αvIβv,2 are unitarily
equivalent, where Im denotes the m×m identity matrix and
αv :=
1
nv + 2
, βv,j := card(Chi(v)) − 1 (j = 1, 2).
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The later one holds if and only if ⊕
v∈V
(1)
≺
αvIβv,1 and ⊕v∈V (2)≺ αvIβv,2 have the same
eigenvalues counted with multiplicity. However,
∑
v∈V
(j)
≺ ∩G
(1)
n
(
card(Chi(v))− 1
)
is
the multiplicity of the eigenvalue 1
n+2 for j = 1, 2. The desired equivalence is now
immediate. 
4. Bergman Spaces Associated with Directed Trees
It is evident from the proof of Proposition 3.1 that one can also associate a
functional Hilbert space, say, H–q with the Cauchy dual Sλ′,q of the Dirichlet shift
Sλ,q. In particular, H–q is a reproducing kernel Hilbert space associated with the
kernel κH–q given by
κH–q (z, w) =
∞∑
n=0
(q)n
(1)n
znwn P〈eroot〉
+
∑
v∈V≺
∞∑
n=0
(nv + q + 1)n
(nv + 2)n
znwn Pl2(Chi(v))⊖〈λv〉 (z, w ∈ D).
This has been recorded in [15, Proposition 5.1.8]. It is equally clear that Sλ′,q is
unitarily equivalent to the operator of multiplication by z on H–q.
Definition 4.1. Let q be an integer bigger than 1. Let T = (V, E) be a leafless,
locally finite rooted directed tree. We refer to H–q as the Bergman space associated
with T .
Remark 4.2. Note that in case T is a rooted directed tree without any branching
vertex, H–q is nothing but the classical Bergman space Bq (q > 2), that is, the
reproducing kernel Hilbert space associated with
∞∑
n=0
(q)n
(1)n
znwn (z, w ∈ D)
(refer to [21] for the basic theory of classical Bergman spaces).
Lemma 4.3. Let H–q be a Bergman space associated with T = (V, E) and let Mz,–q
be the operator of multiplication by z on H–q. Then for f(z) =
∑∞
n=0 fnz
n in H–q
with fn = aneroot +
∑
v∈V≺
bn,v ∈ kerM ∗z,–q, an ∈ C and bn,v ∈ l2(Chi(v)) ⊖ 〈λv〉
for every n ∈ N, we have the following:
(i) ‖f‖2
H–q
=
∑∞
n=0
(
|an|2 (1)n(q)n +
∑
v∈V≺
‖bn,v‖2l2(V ) (nv+2)n(nv+q+1)n
)
.
(ii) if q > 2, then
‖f‖2H–q =
∫
D
〈dν
T
(z)f(z), f(z)〉 =
∞∑
n=0
∫
D
|zn|2〈dν
T
(z)fn, fn〉,
where
dν
T
(z)
(
aeroot +
∑
v∈V≺
bv
)
:=
(
aw0(z)eroot +
∑
v∈V≺
wnv+1(z)bv
)
dA(z) (4.1)
with dA denoting the normalized area measure on unit disc D and
wl(z) = (l + 1) · · · (l + q − 1)
q−1∑
i=1
|z|2(i+l−1)∏
16j 6=i6q−1
(j − i)
(z ∈ D, l ∈ N).
In particular, H–q equals L
2
a(νT ), that is, the closure of E-valued analytic polyno-
mials in L2(ν
T
), with equality of norms.
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Proof. The first part can be obtained along the lines of the proof of Corollary 3.5.
The first equality in the second part may be deduced from (i) and [5, Corollary 3.8]
while the second one is an immediate consequence of the fact that∫
D
znzmw(|z|)dA(z) = δmn (m,n ∈ N)
for any continuous function w : [0, 1]→ (0,∞). 
The Bergman spaces H–q can be realized as Hilbert modules over the polynomial
ring C[z] with module action given by
(p, f) ∈ C[z]×H–q 7−→ p(z)f ∈ H–q.
A family of Hilbert modules H(η,Y )N (vector-valued analogs of the reproducing kernel
Hilbert spaces associated with the kernel 1(1−zw)q , q > 0) have been introduced in
[24] in the context of classification of homogeneous operators within the class of
Cowen-Douglas operators (see the discussion prior to [24, Theorem 3.1] for the
exact description of the spaces H(η,Y )N ). Recall that a bounded linear operator T
on H is homogeneous if for every automorphism φ of the open unit disc D, φ(T )
is unitarily equivalent to T . Note that the assumption that φ(T ) is well-defined
as a bounded linear operator on H is a part of the definition of the homogeneous
operator. Also, the multiplication operator Mz,–q on the classical Bergman space
Bq provides an example of homogeneous operator [9, Theorem 5.2].
We say that the Hilbert module H–q over C[z] is homogeneous if Mz,–q is homo-
geneous. The natural question arises here is that for which directed trees T , H–q
is a homogeneous Hilbert module ? The second question arises is whether H–q and
H(η,Y )N are unitarily equivalent as Hilbert modules over C[z] ? Both these questions
can be answered with the help of [24, Theorem 4.1] and the following general fact.
Proposition 4.4. Let H–q be a Bergman space associated with the directed tree
T = (V, E) of finite branching index. Then the following statements are equivalent:
(i) H–q is a homogeneous Hilbert module.
(ii) T is isomorphic to N.
Proof. Let φ be an automorphism of the open unit disc D. Since Mz,–q is of spec-
tral radius 1 (Lemma 2.6) and since κ(·, w)g provides eigenvector for M ∗z,–q with
corresponding eigenvalue w ∈ D, the spectrum of Mz,–q equals the closed unit disc
D. In particular, Mφ,q := φ(Mz,–q) makes sense.
In case T is isomorphic to N, the implication (ii) =⇒ (i) is immediate from [9,
Theorem 5.2].
To see that (i) implies (ii), suppose there exists a unitary U : H–q → H–q
such that UMz,–q = Mφ,qU. Let {gj : j = 1, · · · , d} be an orthonormal basis for
E := kerM ∗z,–q, where g1 := eroot and d is finite. One may conclude from (3.3) and
(3.7) that for 1 6 i 6= j 6 d, the sequences {zngi}n∈N and {zngj}n∈N are mutually
orthogonal. This yields the decomposition H–q = ⊕dj=1Hj , where
Hj =
∨
{zngj : n ∈ N} (j = 1, · · · , d).
Since H1, · · · ,Hd are z-invariant subspaces of H–q, Mz,–q = ⊕dj=1M (j)z,–q, where
M
(j)
z,–q = Mz,–q|Hj for j = 1, · · · , d. On the other hand, by [17, Corollary 5.6],
the Hilbert space adjoint of Mz,–q belongs to the Cowen-Douglas class Bd(D) (the
reader is referred to [19] for the definition of Cowen-Douglas class Bd(·)). Also,
the Hilbert space adjoint of M
(j)
z,–q belongs to B1(D) for every j = 1, · · · , d. Since
the classification of homogeneous operators in Bd(D) is the same as that of the
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corresponding homogeneous holomorphic Hermitian bundles defined on D [11, Sec-
tion 1], we may conclude from [24, Corollary 2.1] that M
(j)
z,–q must be homogeneous
for every j = 1, · · · , d. However, by [9, List 3.1], this is possible only if for every
j = 1, · · · , d, there exist aj > 0 such that M (j)z,–q is unitarily equivalent to the opera-
torM
(j)
z of multiplication by z on a reproducing kernel Hilbert space Hj associated
with the kernel 1
(1−zw)aj
(z, w ∈ D). For j = 1, · · · , d, let Uj : Hj → Hj be the
unitary operator such that
M
(j)
z,–qUj = UjM
(j)
z .
Note that Uj maps ker(M
(j)
z )∗ onto ker(M
(j)
z,–q)∗. Note that g := Uj(1/‖1‖) ∈
ker(M
(j)
z,–q)∗. If d = 1 then clearly T is isomorphic to N. Suppose the contrary.
Then g 6= eroot for some j = 1, · · · , d. Thus g =
∑
w∈Chi(v) αwew ∈ l2(Chi(v))⊖〈λv〉
for some v ∈ V≺. Hence, for any integer k > 1, by Lemma 2.6,
‖(M (j)z,–q)kg‖2 =
∑
w∈Chi(v)
|αw|2 (nw + 1)k
(nw + q)k
=
(nv + 2)k
(nv + q + 1)k
.
On the other hand,
‖(M (j)z,–q)kg‖2 = ‖(M (j)z )k(1/‖1‖)‖2 =
(1)k
(aj)k
,
After combining last two equations for k = 1, 2, we obtain nv + 1 = 0, which is
absurd. Hence d = 1, and we obtain (ii). 
The proof of the preceding proposition actually yields the following general fact.
Corollary 4.5. Let Sλ be a left-invertible, homogeneous weighted shift on T with
finite dimensional cokernel E := kerS∗λ. If {gj : j = 1, · · · , d} is an orthonormal
basis of E such that for 1 6 i 6= j 6 d, the sequences {Snλgi}n∈N and {Snλgj}n∈N are
mutually orthogonal, then there exists a > 0 such that Sλ is unitarily equivalent to
the operator of multiplication by z on a reproducing kernel Hilbert space associated
with the kernel 1(1−zw)a (z, w ∈ D).
We do not know whether a rooted directed tree, which is non-isomorphic to N,
supports a homogeneous weighted shift.
5. Classification of Dirichlet Shifts
For the sake of convenience, we reproduce the statement of Theorem 2.4 from
Section 2.
Theorem 5.1. Let q be an integer bigger than 1. For j = 1, 2, let S
(j)
λ,q be the
Dirichlet shift on rooted directed tree Tj = (Vj , Ej) with rootj, let G(j)n := {v ∈ Vj :
v ∈ Chi〈n〉(rootj)} (n ∈ N), and Ej = ker(S(j)λ,q)∗. Then S(1)λ,q is unitarily equivalent
to S
(2)
λ,q if and only if for every n ∈ N,∑
v∈V
(1)
≺ ∩G
(1)
n
(
card(Chi(v))− 1
)
=
∑
v∈V
(1)
≺ ∩G
(2)
n
(
card(Chi(v)) − 1
)
. (5.1)
Proof. Note that S
(1)
λ,q is unitarily equivalent to S
(2)
λ,q if and only if S
(1)
λ′,q is unitarily
equivalent to S
(2)
λ′,q. Hence, in view of Lemma 4.3, it suffices to check that the mul-
tiplication operator M
(1)
z,q on L2a(νT1 ) is unitarily equivalent to the multiplication
operator M
(2)
z,q on L2a(νT2 ) if and only if (5.1) holds for every n ∈ N.
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Let U : L2a(νT1 )→ L2a(νT2 ) be a unitary map such that
UM (1)z,q = M
(2)
z,q U. (5.2)
Note that U maps ker(M
(1)
z,q )∗ unitarily onto ker(M
(2)
z,q )∗. For g, h ∈ ker(M (1)z,q )∗,
define a signed finite measure µg,h on the open unit disc D by
µg,h(σ) =
∫
σ
〈(
U∗dν
T2
(z)U − dν
T1
(z)
)
g, h
〉
for a Borel subset σ of D.
Note that∫
D
znzm
〈
U∗dν
T2
(z)Ug, h
〉
= 〈znUg, zmUh〉L2a(νT2 )
(5.2)
= 〈Uzng, Uzmh〉L2a(νT2 )
= 〈zng, zmh〉L2a(νT1 ) =
∫
D
znzm
〈
dν
T1
(z)g, h
〉
.
It follows that
∫
D
p(z, z)dµg,h = 0 for any polynomial p in z and z. By Stone-
Weierstrass and Riesz Representation Theorems, µg,h is identically 0. Since this
holds for arbitrary choices of g, h in ker(M
(1)
z,q )∗, we conclude that
U∗ν
T2
(σ)U = ν
T1
(σ) for every Borel subset σ of D. (5.3)
It is now clear from (4.1) that for every Borel subset σ of D, a ∈ C, and bv ∈
l2(Chi(v))⊖ 〈λv〉 (v ∈ V (1)≺ ),
ν
T2
(σ)U
(
aeroot1 +
∑
v∈V
(1)
≺
bv
)
= U
∫
σ
(
aw0(z)eroot1 +
∑
v∈V
(1)
≺
wnv+1(z)bv
)
dA(z). (5.4)
Since Ueroot1 ∈ ker(M (2)z,q )∗, there exist a′ ∈ C, and b′v ∈ l2(Chi(v)) ⊖ 〈λv〉 for
v ∈ V (2)≺ such that
Ueroot1 = a
′eroot2 +
∑
v∈V
(2)
≺
b′v.
Letting a = 1 and bv = 0 for all v ∈ V (1)≺ in (5.4), we obtain(∫
σ
w0(z)dA(z)
)(
a′eroot2 +
∑
v∈V
(2)
≺
b′v
)
=
(∫
σ
w0(z)dA(z)
)
Ueroot1
(5.4)
= ν
T2
(σ)Ueroot1
(4.1)
=
∫
σ
(
a′w0(z)dA(z)
)
eroot2
+
∑
v∈V
(2)
≺
∫
σ
(
wnv+1(z)dA(z)
)
b′v
for every Borel subset σ of D. Since for some Borel set σ,
∫
σ
w0(z)dA(z) 6=∫
σ
wl(z)dA(z) for any positive integer l, by comparing coefficients on both sides, we
obtain b′v = 0 for every v ∈ V (2)≺ , and hence Ueroot1 = a′eroot2 with |a′| = 1. This
shows that
U(〈eroot1〉) = 〈eroot2〉.
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Since U maps ker(M
(1)
z,q )∗ unitarily onto ker(M
(2)
z,q )∗, we obtain
U
( ⊕
v∈V
(1)
≺
l2(Chi(v))⊖ 〈λv〉)
)
=
⊕
v∈V
(2)
≺
l2(Chi(v)) ⊖ 〈λv〉. (5.5)
Next, since Ubv0 ∈ ker(M (2)z,q )∗ for a fixed v0 ∈ V (1)≺ , there exist b′v ∈ l2(Chi(v)) ⊖
〈λv〉 for v ∈ V (2)≺ such that
Ubv0 =
∑
v∈V
(2)
≺
b′v.
As in the preceding paragraph, one may let a = 0 and bv = 0 for all v ∈ V (1)≺ \ {v0}
in (5.4) to obtain( ∫
σ
wnv0+1(z)dA(z)
)( ∑
v∈V
(2)
≺
b′v
)
=
∑
v∈V
(2)
≺
∫
σ
(
wnv+1(z)dA(z)
)
b′v.
Since for some Borel set σ,
∫
σ
wl(z)dA(z) 6=
∫
σ
wm(z)dA(z) for positive integers
l 6= m, by comparing coefficients on both sides, we obtain b′v = 0 for every v ∈
V
(2)
≺ ∩ G(2)n with n 6= nv0 , and hence Ubv0 =
∑
v∈V
(2)
≺ ∩Gnv0
b′v. Since v0 is arbitrary,
by (5.5), U must map W
(n)
1 injectively onto W
(n)
2 for every n ∈ N, where
W
(n)
j =
⊕
v∈V
(j)
≺ ∩G
(j)
n
l2(Chi(v))⊖ 〈λv〉, n ∈ N, j = 1, 2.
Thus for every n ∈ N,∑
v∈V
(1)
≺ ∩G
(1)
n
(
card(Chi(v))− 1
)
=
∑
v∈V
(2)
≺ ∩G
(2)
n
(
card(Chi(v))− 1
)
.
Conversely, suppose (5.1) holds for every n ∈ N. For n ∈ N and j = 1, 2, let
Mj,0 = 〈erootj 〉, Mj,n =
⊕
v∈V
(1)
≺ ∩G
(j)
n
l2(Chi(v))⊖ 〈λv〉.
By (5.1), we must have dimM1,n = dimM2,n for every n ∈ N. Let U = ⊕n∈NUn,
where Un is a unitary from M1,n onto M2,n for n ∈ N. Further, we can choose
U0 such that Ueroot1 = eroot2 . Note that U is a unitary from ker(M
(1)
z,q )∗ onto
ker(M
(2)
z,q )∗. We verify that U satisfies (5.3). It suffices to check that
U∗ν
T2
(σ)Uf = ν
T1
(σ)f, (5.6)
where f = αeroot1 + βbv,n for α, β ∈ C and {bv,n} is an orthonormal basis for M1,n
for integers n ≥ 1. Indeed, for a Borel subset σ of D,
U∗ν
T2
(σ)Uf = U∗ν
T2
(σ)(αeroot2 + βUbv,n)
= U∗
∫
σ
(
αw0(z)eroot2 + βwn+1(z)Ubv,n
)
dA(z)
=
∫
σ
(
αw0(z)eroot1 + βwn+1(z)bv,n
)
dA(z)
= ν
T1
(σ)f,
which completes the verification of (5.6). One can now define U˜ : L2a(νT1 ) →
L2a(νT2 ) by
(U˜f)(z) = U(f(z)) (f ∈ L2a(νT1 ), z ∈ D). (5.7)
It is easy to see using (5.3) that U˜ is a unitary map such that U˜M
(1)
z,q = M
(2)
z,q U˜ . 
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